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Let A be a complex Banach algebra and let A = d(A) be the collection of 
non-zero multiplicative linear functionals (mlf) on A. It is often assumed 
below that A is a commutative, symmetric *-algebra; that is, A is 
commutative and possesses an involution, *, which satisfies h(x) = h(x*) for 
all x E A, h E A. On such an algebra, a linear functional, I, is called a 
positive linear functional (plf) if 1( xx*)>0 for all xEA. The most 
elementary plfs, in the extreme point sense, are the mlfs. (See Rudin 17, 
p. 2861.) This leads to the following: When A is a commutative, symmetric 
*-algebra and has an identity and 1 is a plf on A, then there exists a unique, 
non-negative Bore1 measure ,D on A such that 
I(X)= i hw ddh), xE A. (1) 
. 3 
In this article, those plfs for which the representing measure, ,u, has finite 
support, are identified. These results shall be applied to solving a functional 
equation whenever a positive definite function is involved. To begin with, we 
shall state basic results which are needed here. For the details consult the 
books by Naimark 14. Chap. II and VI] and Rudin [7, Chap. 111. 
Assume A to be a commutative, symmetric *-algebra. Let M G A be a 
closed *-ideal. i.e.. M is an ideal of A closed in the norm topology and 
x* E M whenever x E M. Then A/M forms a commutative, symmetric 
*-algebra upon using the quotient norm and defining [xl* = [x*1. The 
radical of A, rad(.4), is the intersection of all maximal ideals of A, so that if 
A has an identity, rad(A) = {x E A: h(x) = 0 for all h E A}. Also in this case, 
using (l), it is clear that x E rad(A) if and only if /(xx*) = 0 for all plfs 1. 
We shall now describe the convex hull of A when A has an identity. 
THEOREM I. Suppose A is a commutatioe, symmetric *-algebra and that 
A has an identity element, e. Let 1 be a plf on A with l(e) = 1. Set 
i?4, = (x E A: &xx*) = O), and further suppose that M, is closed. Then if 
dim A/M, = n < +ao, 1 is a convex combination of n mlfs of A. 
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Proof: Because all plfs satisfy I(xy*) = I(x*JJ) and ]I(xy*)]* ,< 
/(xx*) I(yy*) (see Hewitt and Ross [ 1, p. 3 16]), we have that M, forms a 
*-ideal. Since M, is assumed to be closed, A/M, is well defined. 
Consider the dual of A/M,. By Theorem 4.9 of Rudin 17, p. 911, (A/M,)* 
is isometrically isomorphic with M; = (fE A*: f(x) = 0 for all x E M,}, and 
so M, is n-dimensional. Let T = A n M;. Since every finite subset of A is 
linearly independent, (Hewitt and Ross (2, p. 143 1) T contains at most n 
elements. 
Let I be a plf on A and suppose that f(e) = I. Choose a probability 
measure ,U on A so that I(x) = IA h(x) &(A), x E A. We may assume A to be 
infinite for otherwise there is nothing to prove. Suppose h E A\T. Then there 
exists an X” E M,, such that h(x,) # 0. However, for x,, E M,, 
iA. r 1 h(x,)(* &(h) = 0. This shows that p(A\T) = 0. Hence p(T) = 1 and so T 
is a non-empty set with m < n elements. 
Suppose 1 is a convex combination of m ( n mlfs h, ,..., h,. Then M, = 
(-)y-, h,:-‘(O), which . Imp ies that M, has codimension m, a contradiction. 1 
Hence there exists positive numbers 1, ,...) A,, with xy_, Ai = 1 and 
mlfs h , ?..., h, such that I = C,;-, A,ihj. This completes the proof of this 
theorem. 
It should be remarked that 1 is always continuous when A has an identity. 
Hence, the continuity of the involution will always insure that M, is closed. 
We wish to prove a similar result when A does not have an identity. It is 
well known that each mlf of A induces in a natural way a mlf of A(e), the 
algebra obtained by adjoining the identity element to A. (See Larsen 13, 
p. 69 I.) We first require the following lemma. 
LEMMA 1. Suppose A is a finite dimensional complex Banach algebra 
with an involution, *. Let 1 be a plf on A and assume (i) f(x) = 1(x*) and (ii) 
l(xx*) > 0 for all x E A, x # 0. Then 1 may be extended to a plf on A(e). 
Proof: It is shown in Hewitt and Ross ] 1, p. 3 17 ], that I is extendable 
to A(e) if and only if there is a constant c > 0 such that 1 l(x)lz Q cl(xx*) for 
all xEA. 
Define the non-negative function, Ii Ii, on A by 11 x 11, = l”‘(xx*). Then 
1’ I/, is a norm on A. However all norms on a finite dimensional space are 
equivalent and so there exists a constant c such that II x )I < c !I x 11, for all 
x EA. Furthermore, 1 is a bounded linear functional and so il(x)12 < 
1) 1 I(’ 11 x II* < 11 I * c*l(xx*) and hence the lemma. 
THEOREM 2. Suppose A is a commutatice, symmetric *-algebra and 1 is 
a plf on A with the following properties: 
6) l(x) = 1(x*) ; 
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(ii) M, = (x E A: /(xx*) = 0) is closed; 
(iii) M, c ker I= {s E A: j(x) = O}. 
Then if A f&f, is n-dimensional, I may be expressed as I = ‘JJ’ , ;li hi, where 
ii > 0 and hi are mlfs on A. 1 <j < n. 
Proof. Define I,: A/M, + e by /,((x]) = j(x). Assumption (iii) guarantees 
that I, is well defined. Clearly I, is a plf on A/M, and /,([x]lx]*) > 0 if 
1.~1 # 0. From Lemma 2. I, is extendable to (A/M,)(e) and so there exists a 
constant c such that I/,(lx])l’< cl,(lxllxl*). Th is entails that 1 is extendable 
to a plf, t on A(e). Set MT= (xEA(e): qxx*) =O). Since the algebra A(e) 
and the plf. z satisfy the conditions of Theorem I, if we assume that T(e) = I. 
Tis a convex combination of (17 + I) mlfs of A(e), say hl,..., h:, , , . For each 
i= I )..., n + I, let hi be the restriction of hi to A. Then I= Cy ‘,’ iih,, where 
Ri > 0. X:;“’ /ii=. I. and hi are mlfs on A. However, since M, ‘has 
codimension II, one of the hi’s must annihilate A. Hence 1 may be expressed 
as 1=x: , i,,h,. where i,i > 0 and x.7 , Ai < I, and hi are mlfs on A. 
Remarks. 13. Suppose A is a commutative, symmetric *-algebra andJ‘is 
a continuous linear functional on A. For each 4’ E A, define f,(x) =f(xy*). 
Thenf,. E A *. Let S,. be the weak*-closure of {f,.: J’ E A } and call S, the span 
of J It is clear that S,. is a weak*-closed subspace of A * and that fE S, if A 
has an approximate identity. A mlf has the property that its span is one- 
dimensional. 
Suppose that I is a continuous plf on A and that M, = 
(.~EA:l(.~~~*)=O~~kerl.Then~~;=S,.Toseethis,let.uEM,and~EA. 
Since M, is an ideal, xy* E M, c ker lC. Hence the linear functional 1, E 44;. 
Since M, is also a weak*-closed subspace of A*, S, Y& M;. The 
Hahn-Banach theorem shows the impossibility of an element in M;/S, and 
hence M, = S,. Thus. the assumption on A,/M, in Theorem 2 may be 
replaced by assuming the n-dimensionality of S,. 
2”. The above characterization of positive linear functionals may be used 
to identify positive definite functions on groups. 
Let G be a locally compact Abelian group and let dx be its invariant Haar 
measure. Let L’(G) = {J’: G+ 6?: f is measurable and llS!l= 
.(‘(; if’(x)1 d.u < + co }. For f, g E L’(G) define fg(x) = j(; f(x - .Y) g(y) dq’. and 
J’*(x) - s(-x). 
Then L’(G) is a commutative Banach algebra with involution. If G* 
denotes the character group of G, then for each mlf h on L’(G), there exists 
a character x E G* such that 
W-) = 1. f’(.u) x(x) dx, f’E L’(G) (2) 
. cr 
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It now follows that L’(G) is symmetric. The right-hand side of (2) is usually 
denoted by fh). 
Furthermore, all plfs are known. Namely, if 1 is a plf on L’(G) there exists 
a continuous positive definite function 4 on G such that 
u-) = 1. f(u) d(u) dk f E L’(G) (3) 
. c; 
(See Hewitt and Ross 12, p. 2751). Thus a plf on L’(G) is a convex 
combination of mlfs if and only if the corresponding continuous positive 
definite function is a convex combination of characters. We wish to further 
elaborate this point. 
LEMMA 2. Suppose Q is a continuous positice definite function on G and 
let fE L’(G). Then lCi .f, d(u - u)f(u)f(u) du do =0 if and on/y if 
.(‘(; $(u - c)f(u) du = 0 for all L’ E G. 
ProoJ Let 4 be as above. The general Bochner Theorem (Hewitt and 
Ross [2, p. 293 I) insures that Q is representable as d(u) = .i,. x(u) dph) for 
all u E G. where ,u is a finite, non-negative Bore1 measure on G*. Using this 
representation and Fubini’s Theorem, we have that 
j-J;; o(u - ~)f@)f(~) du du =.I, 13cX>12 44x)
I* 
and 
\ #(u - ~)fb) du = j- xk> 3W 44x). 
-G G’ 
Hence the necessity of the condition follows at once. The sufftciency is 
trivial and hence the proof. 
Let $ be a continuous positive definite function on G and let 1 be the plf 
defined by (3). Since Q is hermitian and the aforementioned involution on 
L’(G) is continuous, we see from Lemma 2 that (i), (ii), (iii) of Theorem 2 
hold for 1. Moreover, M, consists of these functions for which 
.(‘(; j”, #(u - c)~(u)~(v) du dv = 0. Let S, be the weak*-closed subspace 
generated by the functions Bl.(u) = #(u - v), L: E G. Then, arguing as in l”, 
M, = S,. Consequently, if 9(O) = 1, then 9 belongs to the convex hull of G* 
if and only if its span, S,, is finite dimensional. 
As an example, suppose 4 satisfies the functional equation, #(u - u) = 
J$= l a,i(u) bj( ) t’ w h en aj and b,j are continuous functions on G, and that # is 
positive definite with 4(O) = 1. Then 4 is a convex combination of characters 
of G. For other articles relating positive definite functions and functional 
equations on groups, see O’Connor 15,6]. 
THOMAS A.O'CONNOR 
REFERENCES 
I. F.. Ht.wt.rr A\[) K. Ross. “Abstract Harmonic Analysis.” Vol. 1. Springer-Verlag. Berlin. 
1963. 
2. 1:. HIWIT A\[) K. Ross. “Abstract Harmonic Analysis.” Vol. II. Springer-Verlag, Berlin. 
1970. 
3. R. LARSEN. “Banach Algebras.” Dekker, New York. 1973. 
3. M. NAIMAKK. “Normed Rings.” Noordhoff. Groningen. 1964. 
5. T. 0’Co~h.o~. A solution to D’Alembert’s functional equation on a locally compact 
Abelian group. Aequationes Math. 15 (1977). 235-238. 
0. T. O’CONIUOR. A solution to the functional equation @(x - 1) = x:;’ a,(x) ai( y) on a locally 
compact Abelian group, J. Math. Anal. Appl. 60 (1977). 120-122. 
7. W. RLXIIN. “Functional Analysis,” McGraw-Hill. New York. 1973. 
